Using Monte Carlo simulation, we studied the electrical conductance of two-dimensional films. The films consisted of a poorly conductive host matrix and highly conductive rodlike fillers (rods). The rods were of various lengths, obeying a log-normal distribution. They were allowed to be aligned along a given direction. The impacts of length dispersity and the extent of rod alignment on the insulator-to-conductor phase transition were studied. Two alternative computational approaches were compared. Within Model I, the films were transformed into resistor networks with regular structures and randomly distributed conductances. Within Model II, the films were transformed into resistor networks with irregular structures but with equal conductivities of the conductors. Comparison of the models evidenced similar behavior in both models when the concentration of fillers exceeded the percolation threshold. Some analytical results were obtained: (i) the relationship between the number of fillers per unit area and the transmittance of the film within Model I, (ii) the electrical conductance of the film for dense networks within Model II.
I. INTRODUCTION
Thin films with elongated conductive fillers having high aspect ratios (the ratio of the characteristic length to the characteristic transverse dimension of each particle) can exhibit both high electrical conductance and excellent optical transparency.
1 These features have led to a widespread use of such composites in transparent conductors (TCs), transistors, sensors, and flexible and stretchable conductors.
1,2 Nowadays, some twodimensional (2D) systems such as transparent electrodes present examples of where highly conductive particles, e.g., nanowires (NWs), nanotubes (NTs), and nanorods (NRs), form a random resistor network (RRN) inside a poorly conductive host matrix (substrate).
3-5 The appearance of a percolation cluster in similar systems drastically changes their physical properties and is associated with an insulator-to-conductor phase transition. Length dispersity is common for NWs, NTs, and NRs. [6] [7] [8] [9] These works evidenced that the length distributions of NWs, NTs, and NRs are close to log-normal distributions. Furthermore, alignment of such elongated objects may be produced in different ways. [10] [11] [12] [13] [14] Both length dispersity and alignment affect the electrical conductance of the samples. 11, [15] [16] [17] The aspect ratios of metallic NWs or carbon NTs (CNTs) are of the order of hundreds and even thousands. 8, 18, 19 Recently, a theoretical model for the effect of nanowire dimensions and coverage on the coupled relationship between sheet resistance and transmission in conductive a) Corresponding author: tarasevich@asu.edu.ru b) Electronic mail: vodolazskaya agu@mail.ru c) Electronic mail: dantealigjery49@gmail.com d) Electronic mail: akhunzha@mail.ru nanowire networks has been presented. 20 The model assumes the transmission of light through the network to be proportional to its fractional open area. It predicts that the sheet resistance is proportional to the square of the nanowire diameter and inversely proportional to the squares of both the nanowire length and the network coverage.
The study of percolation in 2D systems of rodlike particles or sticks and its connection with electrical conductance has a long history. [21] [22] [23] Some geometrical properties of 2D systems of sticks or fibers have been derived. [24] [25] [26] [27] [28] [29] Numerous works have been devoted to the electrical properties of RRNs produced by randomly deposited sticks 29 and different kinds of templates. 4, 5 The topology of connected carbon nanotubes in random networks has also been investigated. 27 Analytical expressions for some useful quantities, e.g., mean contact probability, mean contact angle and number of contacts per CNT, have been derived and tested by means of Monte Carlo simulations. Similar results have also been reported recently.
28
Recently, an analytical formula for the sheet resistance of the dense homogeneous and isotropic RRNs has been proposed from geometrical considerations.
4, 5 The main idea of the consideration is that, in a dense homogeneous and isotropic 2D RRN, the electrical potential is expected to change linearly between two electrodes applied to the opposite borders of such an RRN. This assumption is supported by both extensive computer simulations 1 and experiments. 30 Thus, even slightly above the percolation threshold n = 1.23n c where n c is the critical (percolating) number density, i.e., the number of fillers per unit area, the potential decrease is fitted by a linear function with the coefficient of determination R 2 = 0.996 while for denser systems, n = 2n c , R 2 = 0.998.
1
Two approaches are frequently used to calculate the electrical conductance of 2D composites. In the first one, a continuous composite is divided into cells and each cell is treated as a set of conductors. In such a way, the conductor is transformed into an RRN with a regular structure but randomly distributed resistivities. 31 Both the conductivity of the host matrix and the conductivities of fillers are accounted for in this approach. It can also represent composites with concentrations of fillers both below and above the percolation threshold. Simulations of the electrical conductance of 2D systems with rodlike fillers of equal length have been performed using this method. [32] [33] [34] [35] [36] We will denote this approach as Model I. By contrast, within the second approach, the host matrix is completely ignored; the conducting fillers are considered to form an RRN of irregular geometry but with equal conductivity of its conductors. 4, 5, 13, 15, 16, 29, [37] [38] [39] [40] [41] [42] [43] Obviously, only composites with filler concentrations exceeding the percolation threshold can be considered using this method. We will denote this approach as Model II. In some cases, the effects of junction resistances have additionally been taken into account.
1, 28, [44] [45] [46] Recently, the equivalence between the sheet resistances of disordered networks and those of regular ordered networks has been established when the resistance of interwire contacts has been considered.
28
To the best of our knowledge, for the case of anisotropic RRNs composed of aligned rods with length dispersity, no comparison of the two approaches has been presented in the literature. In this research, we have tried to perform such a comparison. One can expect that, above the percolation threshold, the electrical conductance calculated within a discrete approach tends to the electrical conductance calculated using a continuous approach when the cell size tends to zero. Furthermore, using both approaches, we have examined the effect of dispersity of filler length and filler alignment on the electrical conductance and the transmittance of 2D composites with rodlike fillers.
The rest of the paper is constructed as follows. In Sec. II, the technical details of the simulations and calculations are described. Section III presents our main findings. Section IV summarizes the main results.
II. METHODS

A. Sampling
Zero-width (widthless) rods were deposited randomly and uniformly with given anisotropy onto a substrate of size L×L and with periodic boundary conditions (PBCs), i.e., onto a torus. Intersections of the rods were allowed. If a rod intersected a border of the substrate, a replica was created according to the PBCs, i.e., the rod was transformed into two shorter rods which touching the opposite borders of the substrate [ Fig. 1 ].
The lengths of the rods, l, varied according to a lognormal distribution with the probability density function 
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All our computations were performed for a fixed value of the mean length, viz., l = 1. For this particular value of the mean, the parameters of the log-normal distribution are
where σ(l) is the desired value of the standard deviation of the length dispersity. In such a way, we could extract and study the individual effect of the length dispersity. All our simulations were performed for L = 32 l . The anisotropy of the system was characterized by the order parameter (see, e.g., Ref. 48) 
where θ i is the angle between the axis of the i-th rod and the horizontal axis x, and N is the total number of rods in the system. In our simulations, the angles were distributed according to the normal distribution with a PDF
where the variance is connected with the order parameter as
We performed our simulations for different values of the order parameter and length dispersity. For each sample, a sequence of random positions (two coordinates for each rod), orientations, and lengths was generated. This sequence was used to produce a film with the desired anisotropy, s, and number density of the rods, n,
Since support of the log-normal distribution is l ∈ (0, ∞), the probability that l > L is finite, although very small. All rods with l > L were rejected for deposition and excluded from the sequence.
B. Computation of the electrical conductance
In our study, the contact resistance between rods was ignored, i.e., the conductance of the system under consideration was completely defined by the conductivity of the rods themselves. For each sample, the electrical conductance was calculated along two mutually perpendicular directions.
Discrete approach (Model I)
This approach (Model I) is based on the idea described in Ref. 31 . The rods were considered to be highly conductive whilst the substrate was assumed to be poorly conductive. In all our computations, the electrical contrast, i.e., the ratio of the conductivity of the rods, γ p , to the conductivity of the substrate, γ m , was ∆ = 10 6 . To account the electrical conductivity of both the substrate and the fillers, a three-step transformation of the samples was performed. 35, 36, 49 a. In the first step, a sample was divided into square cells of equal size, in such the way, that the film was transformed into a mesh of m × m cells.
b. In the second step, each cell of the mesh was marked as conductive and opaque when it contained any part of a rod or some parts of several rods, otherwise the cell was marked as insulating and transparent. In such a way, the continuous problem of rods was transformed into a problem of linear polyominoes. 35, 36, 49 The fraction of conductive cells was denoted as the concentration or the filling fraction, p. The quantity T = 1 − p was treated as the transmittance of the film. For isotropically deposited rods of equal lengths (s = 0, l = 1, σ(l) = 0), the mean size of polyominoes is equal to
In the case of strictly aligned rods of equal length (s = 1, l = 1, σ(l) = 0), the polyominoes are simply rectangles with the aspect ratio
c. In the third step, the Hoshen-Kopelman algorithm 50 was applied to check whether there were any percolating (spanning) clusters of conductive cells. Then, each cell was replaced by four conductors connected as a four-pointed star (crosswise). 31 All four conductors were assumed to have the same conductivities, viz.,
6 × m/L arb. units when the cell was marked as conductive and γ m = 2m/L arb. units otherwise. In such the way, the film was transformed into an RRN. The factor m/L ensures the constant electrical conductance of a rod located parallel to a system border at any mesh size. The conductance of such an RRN was calculated using the Frank-Lobb algorithm 51 for each desired number density in both mutually perpendicular directions. As a result, the electrical conductance versus the number density, G i (n), the electrical conductance against the concentration, G i (p), and the presence of a percolation cluster depending on the number density and concentration were obtained for each sample. Here, i = , ⊥ means the directions along and perpendicular to the alignment of the fillers, respectively. For each pair of values s and σ(l), the electrical conductances were computed for the meshes m = 256, 512, 1024, 2048. To characterize the anisotropy of the conductance, the ratio of the conductivities 32,33,52 was utilized
2. Continuous approach (Model II)
In the continuous approach (Model II), rods were sequentially deposited onto a square substrate until a cluster appeared which spanned the opposite borders of the system. To detect a spanning cluster, the Union-Find algorithm 53,54 modified for continuous systems 55,56 was applied. When a spanning cluster was found, all other clusters were removed. Then, the geometrical backbone was extracted using the Grassberger algorithm 57 adapted to a continuous percolation of rods [Fig. 2] . The geometrical backbone is the set of all sites that are connected by their edges to both opposite borders of the system by two paths having no edges in common. Except for "Wheatstone bridges", it consists exactly of those sites and edges through which current would flow if the two opposite borders of the system were subject to a potential difference. The current-carrying part of the percolation cluster is called the electrical backbone. Thus, the electrical backbone is the geometrical backbone without the perfectly balanced edges. [For a review of different algorithms intended for backbone identification, see Ref. 58 .] At the next stage, an adjacency matrix was formed for the geometrical backbone. Having this adjacency matrix in hand, Kirchhoff's current law can be used for each junction of rods, and Ohm's law for each circuit between two junctions. The resulting set of equations was solved using MATLAB to find the total conductance of the RRN. while their angular distribution corresponds to the PDF f θ (θ). However, thee maximal rod length, l m , cannot exceed the domain size, i.e., l m < L. We are looking for the fraction of empty (transparent) cells, i.e., the cells of the mesh that contain no part of any rod. Since the deposition of a rod is independent of other rods, after the deposition of N rods, the expected value of the number of empty cells is
where P = P 1 +P 2 is the probability that a rod intersects any given cell or is located within it. Here, P 1 is the probability that a rod starts in the cell, and P 2 is the probability that a rod intersects that cell from outside. Let us suppose that the position of the rod is given by the coordinates of one of its ends and by an angle, θ, between the rod and one of the Cartesian axes (− π 2 θ < π 2 ). Due to homogeneous deposition, the probability that the rod starts in the given cell is
This probability depends neither on the length dispersity of the rods nor on their angular distribution. Consider a rod of length l with orientation θ in relation to the abscissa. Such a rod intersects a vertical line if and only if the distance between its starting end and the line obeys the inequality x l cos θ [ Fig. 3 ]. The probability that this inequality holds is
The probability that a rod of arbitrary length and orientation intersects the vertical line can be calculated by integration over all its allowed lengths and angles.
Thus, the probability that a rod intersects a cell located on its right is
Similarly, the probability that a rod intersects a cell located below it is
where θ ′ is the angle relative to the ordinate. Thus, the probability that a rod intersects a cell is
Finally, the fraction of empty cells is
The quantity T = M m −2 may be treated as the transmittance of the film. For isotropic deposition of rods, cos θ = cos θ ′ = 2/π, hence,
For completely aligned rods (nematic order), cos θ = 1, cos θ ′ = 0, hence,
Figure 4 demonstrates how the transmittance, T , depends upon the number density, n, for the two limiting cases, viz., for an isotropic angular distribution (s = 0) and for completely aligned rods (s = 1). In both cases, the length distribution obeys Eq. (1) with σ(l) = 1. The curves correspond to Eq. (5). The results by Kumar et al. 4, 5 for the electrical conductance of dense 2D RRNs can be extended to anisotropic RRNs. The main idea is based on the assumption that, in a dense homogeneous RRN, the potential drop is linear.
4,5 This assumption also holds in the case of anisotropic RRNs. Figure 5 demonstrates an example of the potential distribution calculated using Model II in a system with σ(l) = 1 and s = 0.8 when the rods are aligned along the horizontal direction. When a potential difference is applied between the left and right borders of the system, the potential of nodes changes almost linearly with the horizontal position of each junction; due to the length dispersity of the fillers, these points form a wide band. When the potential difference is applied between the upper and bottom borders of the system, the potential of nodes changes again almost linearly with the position of each junction (vertical ones in this case). However, the points form a narrow band, since, in the direction perpendicular to the alignment of fillers, their length dispersity has insignificant effect on the potential distribution. Thus, in either direction, the potential drop is close to linear. Let us postpone consideration of our 2D system with rodlike fillers for a while and consider a dense 2D RRN, assuming a graph of this RRN is identical to its backbone. Let the total number of edges of this graph be N E . When the RRN is subject to a potential difference, U , applied along the horizontal axis [ Fig. 3 ], the potential drop across an edge of length l E is U l E cos θ/L. When the conductance per unit length of the edge is γ 0 then the electrical current through the edge is γ 0 U l E cos θ/L. Hence, by close analogy with (4), the total current through the system is
where n E = N E /L 2 is the number of edges per unit area. Taking into account (2), the conductance of the 2D RRN is
Returning to the original problem of the electrical conductance of the RRN produced by the deposition of rods, we need to know how N E and l E depend on the number of deposited rods, N . Moreover, the fraction of edges belonging to the backbone is needed. If this information is anyhow obtainable, the conductance can be calculated using (6) . For instance, in computer simulations, this information is always directly available. Figure 6 compares the electrical conductance obtained from Model II and calculated using Eq. (6) for samples with σ(l) = 1, s = 0.8. The values of n E and l E correspond to the backbone of the percolation cluster. Eq. (6) predicts overestimated values of the electrical conductance compared to the simulations. This deviation reduces as the concentration of fillers increases. The presumptive origin of such deviation is because of the non strictly linear drop of the potential [see Fig. 5 ]. Figure 7 (a) demonstrates an example of the dependencies of the electrical conductances on the number density, as calculated within Model I and Model II. The electrical conductance calculated using Model I tends clearly to the value obtained using Model II when the value of m increases. Slightly above the percolation threshold, the values of the electrical conductance vary significantly as the value of m changes. For large values of the number density, this difference is less pronounced. Essentially, electrical conductance predictions from Model I are overestimated compared with those from Model II. Nevertheless, with increasing value of m, the electrical conductance calculated within Model I tends to the electrical conductance calculated within Model II [ Fig. 7(b) ].
C. Electrical conductance: Comparison of the two approaches
Similar behavior was observed in the case of aligned rods with length dispersity. Figure 8 demonstrates such an example for s = 0.8 and σ(l) = 1. Figure 9 compares the electrical anisotropy calculated within Models I and II. The electrical anisotropy is more pronounced in the vicinity of the percolation threshold, then, it decreases as the number density decreases. Far above the percolation threshold (n ≫ n c ), the results obtained within Model I clearly tend to the results obtained within Model II as the density of the mesh increases. The values of the electrical anisotropy calculated within both models clearly tend to the value predicted by Eq. (6), i.e. Figure 9 suggests that the system under consideration with n ≈ 10n c can be treated as a dense RRN.
IV. CONCLUSION
We considered 2D systems composed of randomly distributed, aligned, conductive rods with length dispersity. We found an analytical relationship between the number density of the fillers and the transparency of the system [Eq. (5)]. The analytical relationship for the electrical conductance of isotropic dense RRNs 4 has therefore been extended to cover anisotropic, dense RRNs identical to their backbones [Eq (6)].
The electrical conductances calculated within two approaches have been compared. We found that, above the percolation threshold, the conductances exhibit similar behavior in both approaches. However, comparison of the two models suggests that, when the conductance of the host matrix has to be taken into consideration, i.e., when Model I is preferable, a fairly fine mesh should be applied to obtain a reasonable estimation of the electrical conductance. Nevertheless, overestimation of the electrical conductance should be kept in mind. We found that, in anisotropic system, the length dispersity of rods has a more pronounced effect on the electrical properties along the direction of rod alignment. The dashed line corresponds to the estimation obtained using Eq. (7) δ ≈ 0.159.
